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Let f ðxÞ be a strongly primitive polynomial of degree n over Z=ð2eÞ, Zðx0; x1; . . . ;
xe2Þ a Boolean function of e 1 variables and
jðx0; x1; . . . ; xe1Þ ¼ xe1 þ Zðx0; x1; . . . ; xe2Þ
Gðf ðxÞ; Z=ð2eÞÞ denotes the set of all sequences over Z=ð2eÞ generated by f ðxÞ, F12 the
set of all sequences over the binary ﬁeld F2, then the compressing mapping
F :




































b0; . . . ;
%
be1Þmod 2. In the second part of the paper, we general-
ize the above result over the Galois rings. # 2002 Elsevier Science (USA)
Key Words: primitive polynomial; Galois ring; linear sequence; compressing
mapping.1. INTRODUCTION
Let R be a ring, f ðxÞ ¼ xn þ cn1xn1 þ    þ c0 a monic polynomial over
R, the sequence
%
a ¼ ða0; a1; a2; . . .Þ over R satisfying the recursion
aiþn ¼ ðc0ai þ c1aiþ1 þ    þ cn1aiþn1Þ; i ¼ 0; 1; 2; . . .1The work is supported by HAIPURT and the Special Fund of National Excellently Doctoral
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COMPRESSIVE MAPPINGS ON PRIMITIVE SEQUENCES 571is called a linear recurring sequence of degree n over R, generated by f ðxÞ.
We will use the notation Gðf ðxÞ;RÞ for the set of all sequences over R
generated by f ðxÞ.
Let
%
a ¼ ða0; a1; a2; . . .Þ and
%
b ¼ ðb0; b1; b2; . . .Þ be sequences over R and




b ¼ ða0 þ b0; a1 þ b1; a2 þ b2; . . .Þ;
c
%




b ¼ ða0b0; a1b1; a2b2; . . .Þ
and the shift operator x of sequence as x
%
a ¼ ða1; a2; a3; . . .Þ and xk
%
a ¼
ðak ; akþ1; akþ2; . . .Þ for k ¼ 0; 1; 2; . . . : Then for any polynomial f ðxÞ over R,
%
a 2 Gðf ðxÞ;RÞ if and only if f ðxÞ
%
a ¼ 0.
Let f ðxÞ be a monic polynomial of degree n over Z=ð2eÞ with
f ð0Þc0 mod 2, then there exists a positive integer P such that f ðxÞ divides
xP  1 over Z=ð2eÞ. The least such P is called the period of f ðxÞ over Z=ð2eÞ
and denoted by perðf ðxÞÞ. The period of f ðxÞ is upper bounded by
2e1ð2n  1Þ, where n ¼ deg f ðxÞ. A monic polynomial f ðxÞ of degree n over
Z=ð2eÞ is called a primitive polynomial if perðf ðxÞÞ ¼ 2e1ð2n  1Þ.
Let f ðxÞ be a primitive polynomial of degree n over Z=ð2eÞ, T ¼ 2n  1,
then f ðxÞmod 2 is a primitive polynomial over the binary ﬁeld F2 and for
i ¼ 1; 2; . . . ; e 1, we have
x2
i1T  1 
 2ihiðxÞmod f ðxÞ; ð1Þ
where hiðxÞ is a polynomial over Z=ð2eÞ of degree less than n such that
hiðxÞc0 mod 2. Furthermore,
h2ðxÞ 
    
 he1ðxÞmod 2;
h2ðxÞ 
 h1ðxÞ þ h1ðxÞ
2 mod ð2; f ðxÞÞ: ð2Þ
If e 3 and h2ðxÞc1 mod 2 or e ¼ 2 and h1ðxÞc1 mod 2; then f ðxÞ is called
a strongly primitive polynomial over Z=ð2eÞ (see [1, 3]).
Any element a in Z=ð2eÞ has a unique binary decomposition as
a ¼ a0 þ a12þ    þ ae12e1, ai 2 f0; 1g. Similarly, a sequence
%
a over Z=ð2eÞ











ai ¼ ðai0; ai1; ai2; . . .Þ is a binary sequence over f0; 1g. The sequence
%
ai is




ae1 the highest level component of
%
a.
There are many papers to discuss the properties of the level component of
a, please refer to [1–5, 7, 8].
%
WENFENG AND XUANYONG572In the ﬁrst part of the paper, we prove the following result. Let f ðxÞ be
a strongly primitive polynomial of degree n over Z=ð2eÞ, Zðx0; x1; . . . ; xe2Þ
a Boolean function of e 1 variables and
jðx0; x1; . . . ; xe1Þ ¼ xe1 þ Zðx0; x1; . . . ; xe2Þ:
F12 denotes the set of all sequences over the binary ﬁeld F2; then the
compressing map
F :

























b if and only if
jð
%





b0; . . . ;
%
be1Þmod 2.
In the second part of the paper, we generalize the above result to the one
over Galois rings.
2. INJECTIVENESS OF COMPRESSION MAPPINGS OVER Z=ð2eÞ
Huang [3] and Huang and Dai [4] proposed the following injectiveness
theorem.
Theorem 1. Let f ðxÞ be a primitive polynomial over Z=ð2eÞ, then the
mapping
F :


























Remark 1. Theorem 1 implies that
%




Lemma 1 (Dai [1]). Let f ðxÞ be a primitive polynomial of degree n over






a12þ    þ
%
ae12




aiÞ ¼ 2iT , especially perð
%
ae1Þ ¼ 2e1T ¼ perð
%
aÞ ¼ perðf ðxÞÞ:
Lemma 2 (Dai [1]). Let f ðxÞ be a primitive polynomial of degree n over






a12þ    þ
%
ae12















a0 mod 2 if i ¼ 1;
h2ðxÞ
%
a0 mod 2 if i 2:
8<
:
COMPRESSIVE MAPPINGS ON PRIMITIVE SEQUENCES 573Lemma 3. Let S be a positive integer,
%
u a sequence over the ring R with its
period dividing S, then for any sequence
%









The proof is easy.
Lemma 4. Let f ðxÞ be a primitive polynomial of degree n over the finite
field F2r ; and
%
a ¼ ða0; a1; . . .Þ,
%
b ¼ ðb0; b1; . . .Þ,
%







c are linear independent over F2r , then the number of zeros in
fa0b0; a1b1; . . . ; aT1bT1g is smaller than the one in fa0b0c0; a1b1c1; . . . ; aT1











The proof is easy.
Lemma 5. Let f ðxÞ be a primitive polynomial of degree n over Z=ð2eÞ,
Zðx0; x1; . . . ; xe2Þ a Boolean function of e 1 variables and
jðx0; x1; . . . ; xe1Þ ¼ xe1 þ Zðx0; x1; . . . ; xe2Þ:
If jð
%
















Proof. Set T ¼ 2n  1. The periods of Zð
%




b0; . . . ;
%
be2Þ
divide 2e2T , so, by x2
e2T  1 acting on jð
%





b0; . . . ;
%
be1Þ











aiÞ ¼ 2iT for 0 i  e 2, by x2e2T  1 











































Theorem 2. Let f ðxÞ be a strongly primitive polynomial of degree n over
Z=ð2eÞ, Zðx0; x1; . . . ; xe2Þ a Boolean function of e 1 variables and
jðx0; x1; . . . ; xe1Þ ¼ xe1 þ Zðx0; x1; . . . ; xe2Þ;
WENFENG AND XUANYONG574then the compressing map
F :





















b 2 Gðf ðxÞ;Z=ð2eÞÞ, a ¼ b if and only if jð
%












b 2 Gðf ðxÞ;Z=ð2eÞÞ with jð
%





b0; . . . ;
%
be1Þ




b. Since h2ðxÞ 
    
 he1ðxÞmod 2, we set










Ze2ðx0; x1; . . . ; xe2Þ ¼ Zðx0; x1; . . . ; xe2Þ, then
Ze2ðx0; x1; . . . ; xe2Þ ¼ xe2Ze3ðx0; x1; . . . ; xe3Þ þ ce3ðx0; x1; . . . ; xe3Þ:
In general, we have
Ziðx0; x1; . . . ; xiÞ ¼ xiZi1ðx0; x1; . . . ; xi1Þ þ ci1ðx0; x1; . . . ; xi1Þ; ð3Þ
where Zi1ðx0; x1; . . . ; xi1Þ and ci1ðx0; x1; . . . ; xi1Þ are Boolean functions
with i variables, i ¼ 1; 2; . . . ; e 1:
























b0; . . . ;
%
be3Þmod 2
and the periods of ce3ð
%




b0; . . . ;
%





a0; . . . ;
%
ae3Þ 




b0; . . . ;
%
be3Þ 




















b0; . . . ;
%
be3ÞÞmod 2: ð4Þ


















e3T  1Þbe2 mod 2, so (4)
% % % %








































a0 mod 2: ð5Þ
On the other hand, by x2
e3T  1 














































v are the 0th and 1th

























































































































a0 mod 2: ð10Þ
WENFENG AND XUANYONG576If e  5, then x2
e4T  1 
















b12þ    þ
%
be12



































































a0 mod 2: ð14Þ




































































































a0 mod 2: ð15Þ

















































b1 is a primitive sequence generated
by f ðxÞ over F2, so is hðxÞða1 þ b1Þ. Let hðxÞa0 ¼ ðu0; u1; u2; . . .Þ and
% % %











a0 are primitive sequences generated by f ðxÞ over










































































a0 mod 2; ð16Þ
where i ¼ 2; 3; . . . ; e 2: Finally, by xT  1 













































a0 mod 2: ð18Þ






















a0 mod 2 ð19Þ
































































































a0 mod 2: ð20Þ






a0 are linear independent over F2; since
hðxÞ 
 h1ðxÞ þ h1ðxÞ
2 mod 2; h1ðxÞc0 mod 2 and hðxÞc0; 1 mod 2. So, by




























bei; i ¼ e 3;








bk ; k ¼ 0; 1; . . . ; e 2; and jð
%
a0;












Secondly, we consider the case e ¼ 3. We have jðx0; x1; x2Þ ¼ x2 þ Zðx0; x1Þ


























































 0 mod 2:





















b1 mod 2 is a primitive sequence over













































3. COMPRESSION MAPPINGS OVER GALOIS RINGS
Let p be a prime, Zp the p-adic integer ring and Qp the p-adic number
ﬁeld. Let K be an unramiﬁed extension of Qp with degree r, R the integer
ring of K, then GRðpe; rÞ ¼ R=peR is called a Galois ring, where e is a
positive integer.
COMPRESSIVE MAPPINGS ON PRIMITIVE SEQUENCES 579Remark 2. (1) Let gðxÞ be a monic polynomial over Z=ðpeÞ with degree r.
If gðxÞmod p is irreducible over Fp, then A½x=ðgðxÞÞ ﬃ GRðpe; rÞ, where
A ¼ Z=ðpeÞ.
(2) GRðpe; 1Þ ¼ Z=ðpeÞ.
(3) GRðpe; rÞ is a local ring with the maximal ideal
ðpÞ ¼ pGRðpe; rÞ ¼ fpa j a 2 GRðpe; rÞg
and GRðp; rÞ ¼ GRðpe; rÞ=ðpÞ ¼ Fpr is a ﬁnite ﬁeld of pr elements.
(4) Let O ¼ fa 2 GRðpe; rÞjap
r
¼ ag, then O consists of pr elements, which
are distinct modulo p. So the mapping O! Fpr , a/amod p is bijective.
Furthermore, each element a in GRðpe; rÞ may be written uniquely as
a ¼ a0 þ a1p þ    þ ae1pe1;
where ai 2 O. We call O the p-adic coordinate set of GRðpe; rÞ (see [5]).
(5) Let
%
a be a sequence over GRðpe; rÞ, then
%











ai ¼ ðai0; ai1; . . .Þ is a sequence over O, i ¼ 0; 1; . . . ; e 1: The
sequence
%








Now we set p ¼ 2 and let f ðxÞ be a monic polynomial over GRð2e; rÞ. If
f ð0Þc0 mod 2, then there exists a positive integer P such that f ðxÞ divides
xP  1 and the least such P is called the period of f ðxÞ over GRð2e; rÞ;
denoted by perðf ðxÞÞ. For a monic polynomial f ðxÞ over GRð2e; rÞ with
degree n, the period of f ðxÞ is upper bounded by 2e1ð2rn  1Þ and f ðxÞ is
called a primitive polynomial if perðf ðxÞÞ ¼ 2e1ð2rn  1Þ. Let f ðxÞ be a
primitive polynomial of degree n over GRð2e; rÞ; then f ðxÞmod 2 is a
primitive polynomial over F2r : Let
%
a be a sequence over GRð2e; rÞ; generated
by a primitive polynomial f ðxÞ of degree n with
%
ac0 mod 2, then perð
%
aÞ ¼
perðf ðxÞÞ ¼ 2e1T and perð
%





aÞ ¼ 2e1T .
Lemma 6. Let f ðxÞ be a primitive polynomial of degree n over GRð2e; rÞ,
T ¼ 2rn  1; then there exists hiðxÞ over GRð2e; rÞ of degree less than n,
i ¼ 1; 2; . . . ; e 1; such that
x2
i1T  1 
 2ihiðxÞmod f ðxÞ: ð22Þ
Furthermore, all hiðxÞc0 mod 2, h2ðxÞ 
    
 he1ðxÞmod 2 and h2ðxÞ 

h1ðxÞ þ h1ðxÞ
2 modð2; f ðxÞÞ.
WENFENG AND XUANYONG580Definition 1. Let f ðxÞ be a primitive polynomial over GRð2e; rÞ. If
e  3 and degðh2ðxÞmod 2Þ  1 or e ¼ 2 and degðh1ðxÞmod 2Þ  1, then
f ðxÞ is called a strongly primitive polynomial over GRð2e; rÞ.
Lemma 7. Let f ðxÞ be a primitive polynomial over GRð2e; rÞ, Zðx0; x1; . . .
; xe2Þ a function of e 1 variables over F2r and





b 2 Gðf ðxÞ;GRð2e; rÞÞ; if jð
%












The proof is similar to the one of Lemma 5.
Lemma 8. Let O be the p-adic coordinate set of GRð2e; rÞ, d 2 GRð2e; rÞ,





2. For s e 1, d2
s
2 O.
3. ab 2 O.



















(2) If d 
 0 mod 2; then d ¼ 2x; where x 2 GRð2e; rÞ. Since 2s  2e1  e;
we have d2
s
¼ 0 2 O: If dc0 mod 2; then d ¼ lþ 2x; where l 2 O,
















¼ ab; so ab 2 O.







































 aþ bþ 2ðabÞ2
r1
mod 22:






COMPRESSIVE MAPPINGS ON PRIMITIVE SEQUENCES 581Lemma 9. Let f ðxÞ be a primitive polynomial of degree n over the finite
field F2r ,
%
u ¼ ðu0; u1; . . .Þ,
%
v ¼ ðv0; v1; . . .Þ 2 Gðf ðxÞ;F2r Þ and
%
v=0. If vi ¼ 0





















v are generated by f ðxÞ, there exists a nonnegative integer k such
that ðuk ; ukþ1; . . . ; ukþn1Þ ¼ ð0; 0; . . . ; 0; aÞ and ðvk ; vkþ1; . . . ; vkþn1Þ ¼





c ¼ ab1: &
Lemma 10. Let f ðxÞ be a primitive polynomial of degree n over GRð2e; rÞ,






a12þ    þ
%
ae12





aiÞ ¼ 2iT , especially perð
%
ae1Þ ¼ 2e1T ¼ perð
%
aÞ ¼ perðf ðxÞÞ.
The proof is similar to one of Lemma 1 cited from [1].































2 mod 2; ð23Þ





































dependent over F2r : Since
%
a0 is an m-sequence generated by f ðxÞ over F2r ,
deg ðh1ðxÞmod 2Þ  1, deg ðh2ðxÞmod 2Þ  1 and h1ðxÞch2ðxÞmod 2, we






a0 are linear independent






a0 over F2r , where c1
and c2 are nonzero elements in F2r . We write
%
a0 ¼ ða0; a1; a2; . . .Þ;
c1h1ðxÞ
%
a0 ¼ ðb0;b1;b2; . . .Þ; c2h2ðxÞ
%





a0 are linear independent over F2r ; there exists







2 ¼ ðy0; y1; y2; . . .Þ. But at ¼ bt þ gt ¼ 2bt ¼ 0, by (23),
we get a contradiction. &
Lemma 12. Let gðxÞ ¼ cnxn þ cn1xn1 þ    þ c0 2 F2r ½x, f ðxÞ ¼ c2nx
n þ
c2n1x
n1 þ    þ c20 and
%
u a sequence over F2r . Then ðgðxÞ
%
uÞ2 ¼ f ðxÞ
%
u2:
Especially, ððxk  1Þ
%
uÞ2 ¼ ðxk  1Þð
%
u2Þ for any positive integer k.
The proof is easy.
WENFENG AND XUANYONG582Theorem 3. Let f ðxÞ be a strongly primitive polynomial of degree n over
GRð2e; rÞ, jðx0; x1; . . . ; xe1Þ ¼ xe1 þ Zðx0; x1; . . . ; xe2Þ; where Zðx0; x1; . . . ;
xe2Þ is a function of e 1 variables over F2r . Set Ze2ðx0; x1; . . . ; xe2Þ ¼
Zðx0; x1; . . . ; xe2Þ: If Ze2ðx0; x1; . . . ; xe2Þ satisfies
Ze2ðx0; x1; . . . ; xe2Þ ¼ xe2Ze3ðx0; x1; . . . ; xe3Þ þ ce3ðx0; x1; . . . ; xe3Þ
and
Ziðx0; x1; . . . ; xiÞ ¼ xiZi1ðx0; x1; . . . ; xi1Þ þ ci1ðx0; x1; . . . ; xi1Þ;
where i ¼ 1; 2; . . . ; e 2, Zi1ðx0; x1; . . . ; xi1Þ and ci1ðx0; x1; . . . ; xi1Þ are
functions of i variables over F2r , then the compression mapping
F :

























b if and only if
jð
%












b 2 Gðf ðxÞ;GRð2e; rÞÞ satisfying
jð
%












b0. It is not harmful to assume
%
a0=0.
(1) Assume e 4. Since h2ðxÞ 
    
 he1ðxÞmod 2; we set

























b0; . . . ;
%
be3Þmod 2 ð24Þ
and by Lemma 10 the periods of ce3ð
%




b0; . . . ;
%
be3Þ
divide 2e3T , where T ¼ 2rn  1, by x2



















b0; . . . ;
%
be3ÞÞmod 2: ð25Þ























be2 mod 2: ð26Þ




b0 and by Lemma 6 x2
e3T  1 


































a0 mod 2: ð27Þ
By x2
e3T  1 












































































mod 22, where s is a






is a sequence over O;

























2r1 mod 2; ð32Þ
where
%













































































































b1Þ2 mod 2: ð36Þ
If e  5, x2
e4T  1 














































































































































The periods of ðce4ð
%








































Comparing with (38) and by Lemma 12 we get
½Ze4ð
%











































u mod 2, then
½Ze4ð
%













































































































b1Þ ¼ ðw0;w1; . . .Þmod 2; by (36), it
follows that if ui ¼ 0; then wi 
 0: So by Lemma 9, hðxÞða1 þ b1Þ 
 cu mod 2
% % %














































b1Þ2 mod 2; ð40Þ























b1Þ2 mod 2: ð41Þ
Finally, xT  1 






















































































u mod 2: ð44Þ
Since ðxT  1Þ
%
a1 





































 0 mod 2:





















































































































b2 is a primitive sequence over F2r or
zero sequence. And since
%














bj; j ¼ 3; . . . ; e 2:
Finally, by the condition jð
%





b0; . . . ;
%









(2) Assume e ¼ 3; then jðx0; x1; x2Þ ¼ x2 þ Zðx0; x1Þ and




























































 0 mod 2:


















































primitive sequences over F2r . Since degðh1ðxÞmod 2Þ  1; it






































Remark 3. Theorems 2 and 3 show that the binary sequence jð
%
a0; . . . ;
ae1Þ contains all information of the original sequence
%
a. We guess that for
any Z, Theorem 3 is also correct.
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